Abstract. A (holomorphic) quantization of a complex contact manifold is given by a filtered stack which is locally equivalent to the ring E of microdifferential operators and which has trivial graded. The existence of a canonical quantization has been proved by Kashiwara. In this paper we first consider the classification problem, showing that these quantizations are classified by means of a certain sheaf homogeneous forms. Secondly, we consider the problem of existence and classification for quantization algebras.
Introduction
This paper deals with the problem of existence and classification of the quantizations of a complex contact manifold. Precisely, consider a complex contact manifold (Y, α), that is, a complex manifold Y endowed with a projective 1-form α (an holomorphic section of the projective cotangent bundle π : P * Y − → Y ) such that dα| H is non-degenerate, where H denotes the codimension 1 subbundle of the tangent bundle T Y associated to α. Let L = α * O P * Y (1) be the pull-back of the Serre sheaf on P * Y : it is a locally free O Y -module of rank one endowed with the Lie bracket defined by α (the Lagrange bracket). Finally, denote by S Y the sheaf on Y whose local sections are symbols, that is, series isomorphic to S Y as filtered C-modules, in such a way that the product ⋆ on S Y induced by that of A is given by bidifferential operators and is compatible both with the algebra structure on O Y and the Lie bracket on L (that is to say, the algebra isomorphism Gr(A) ≃ O hom Y preserves the graduation and the Poisson structures, the latter being induced by the commutator and by the Lie bracket, respectively). By Darboux's theorem for contact manifolds, any point p ∈ Y has an open neighborhood V and a contact transformation i : V − → P * M, for a complex manifold M (here P * M is endowed with the canonical contact structure given by the Liouville 1-form). Moreover, any quantization algebra on V is locally isomorphic through i to the C-algebra E M of Sato's microdifferential operators. It follows that the quantization algebras on Y are nothing but E-algebras, i.e., C-algebras locally isomorphic to i −1 E M for any Darboux chart i : Y ⊃ U − → P * M. The E-algebras on Y = P * M were classified by Boutet de Monvel [3] . In the general case, the situation is more complicated, since these objects may not exist globally. However Kashiwara [18] proved that there exists a canonical stack (sheaf of categories) of modules over locally defined E-algebras. In fact, this stack is equivalent to the stack of modules over an algebroid stack E Y (see [21, 9] ). Moreover, E Y has the same properties of an E-algebra: it is filtered, locally equivalent to an E-algebra and it has O hom Y as associated graded stack. Thus, it makes sense to say that E Y is a (holomorphic) quantization of Y and to define a (E, σ)-algebroid as a filtered C-linear stack which is locally equivalent to E Y and which has O hom Y as associated graded stack. In this paper we classify these objects on any complex contact manifold Y by means of the cohomology group H 1 (Y ; Ω
1,cl
Y (0)), where Ω
Y (0) denotes the push-forward of the sheaf of closed 0-homogeneous 1-forms on the canonical symplectification of Y . Furthermore, we go into the study of the existence and classification of E-algebras on Y , thus generalizing the results in [3] . Finally, in the formal case we compare the classification of E-algebras with that of (E, σ)-algebroids.
Note that the problem of the quantization of the homogeneous coordinates sheaf have been considered in [21, 15] in the projective Poisson/symplectic case. On real contact manifolds or, more generally, conic Poisson manifolds of constant rank, quantization algebras have been considered by Boutet de Monvel under the name of Toeplitz algebras (see [2, 4] ). This paper is organized as follows: in Section 1 we recall the main definitions and properties of complex contact manifolds. In Section 2 we review the definition of quantization algebras. In Section 3 we recall the classification of E-algebras on P * M. In Section 4 we define the (E, σ)-algebroids on a complex contact manifold and classify them (Theorem 4.5); we then make some explicit computations on compact Kähler manifolds. In Section 5 we investigate the existence of E-algebras on complex contact manifolds and compare their classification with that of (E, σ)-algebroids, focusing mainly on the formal case.
Notations and conventions All the filtrations are over Z, increasing and exhaustive. If A is a sheaf of filtered algebras, we will denote by Gr(A) its associated sheaf of graded algebras, and by Gr i (A) the subsheaf of homogeneous elements of degree i. We will use similar notations for morphisms.
If A is a sheaf of algebras, we will denote by A × the sheaf of groups of its invertible elements and, for each section a ∈ A × , by ad(a) : A − → A the algebra isomorphism b → aba −1 . If Y is a complex manifold, Ω i Y will denote the sheaf of holomorphic i-forms and O Y (resp. Θ Y ) that of holomorphic functions (resp. vector fields). We also set
, the canonical bundle of Y . For each section ζ ∈ Θ Y , the Lie derivative (resp. the contraction) along ζ is denoted by L ζ (resp. i ζ ).
Complex contact manifolds
We recall here the definition and some basic properties of complex contact manifolds. References are made to [27, Section 3.3] and [23, 1] .
1.1. Complex contact structures. Let Y be a complex manifold and π : P * Y − → Y its projective cotangent bundle (here P * M =Ṫ * M/C × , whereṪ * M denotes the cotangent bundle of M with the zero-section removed). Recall that a projective 1-form on Y is a global section of π. By projective duality, this corresponds to an hyperplane distribution, i.e. a codimension 1 sub-bundle of the tangent bundle T Y .
Given a projective 1-form
where U * Y − → P * M is the tautological (or universal) line bundle. By composing the morphism U − → U * Y with the natural projection U * Y − → T * Y , we get an injective morphism of vector bundles (denoted by the same symbol) α : U − → T * Y . Hence, the line bundle γ : U − → Y measures the failure to lift the projective 1-form α to a nowhere vanishing 1-form on Y . Moreover, the chain of vector bundle morphisms
defines a 1-formα on U which never vanishes outside the zero-section.
Let eu be the infinitesimal generator of the C × -action on U; then L euα =α (that is,α is 1-homogeneous) and i euα = 0.
Let H denote the sheaf of sections of the hyperplane distribution H ⊂ T Y associated to α and O P * Y (−1) the sheaf of sections of the the tautological line bundle. Let O P * Y (1) be its dual and set L = α * O P * Y (1). Then L ⊗−1 is the sheaf of sections of γ : U − → Y and we get dual exact sequences of locally free O Y -modules 
Definition-Proposition 1.1. In the above situation, α is called a contact form if one of the following equivalent conditions is satisfied:
Note that iii) implies that L ⊗−(n+1) ≃ Ω Y and from the Cartan formula follows that L euω =ω, that is,ω is 1-homogeneous.
Definition 1.2.
i) A complex contact manifold is a complex manifold Y endowed with a contact form α. If α lifts to a 1-form, the contact manifold (Y, α) is called exact. ii) A contact transformation ϕ : (Y, α) − → (X, β) between complex contact manifolds of the same dimension is a morphism of complex manifolds satisfying ϕ * (β) = α.
Given a complex contact manifold (Y, α), we will refer to L (resp. H) as the contact line bundle (resp. distribution), and to the principal C × -bundle γ : Y − → Y together with the 2-formω on Y , as the canonical symplectification. Note that (Y, α) is exact if and only if L is trivial or, equivalently, if γ has a global section. Note also that any contact transformation ϕ : Y − → X is a local isomorphism and lifts to a C × -equivariant symplectic transformationφ : Y − → X. Remark 1.3. We include in the definition all 1-dimensional complex manifolds as degenerate case. Indeed, if dim Y = 1 there is an identification Y = P * Y , so that Y has a canonical contact form (which is in fact unique, up to isomorphism), whose contact line bundle is the sheaf Θ Y of vector fields and the contact distribution nothing but its zero-section. Note that Y is exact if and only if there exists a globally defined nowhere vanishing vector field (or, equivalently, a globally defined nowhere vanishing 1-form). Example 1.4. Let M be an n+1-dimensional complex manifold. Then P * M is a contact manifold of dimension 2n + 1, where the canonical contact form λ : P * M − → P * (P * M) is obtained by projectivizing the Liouville form on T * M. Given y ∈ P * M, let H y the associated hyperplane in T y M; then λ(y) ∈ P * (P * M) is represented by the hyperplane dπ
M is the differential at y of the projection π : P * M − → M. The contact line bundle is then O P * M (1) and the canonical symplectification isṪ * M endowed with the standard symplectic structure.
Note that each contact manifold (Y, α) is a contact submanifold of (P * Y, λ). Indeed, α : Y − → P * Y is an embedding and α * (λ) = α by definition of the Liouville form.
Recall that the Darboux's theorem for contact manifolds asserts that a local model for a contact manifold Y is an open subset of P * M for a complex manifold M. More precisely, for any point y ∈ Y there exist an open neighborhood V of y, a complex manifold M and a contact transformation i : V − → P * M. We call the pair (V, i) a Darboux chart. Other examples of exact contact manifolds are the Iwasawa manifolds and the 1-dimensional complex tori. Example 1.6. The odd-dimensional complex projective space P 2n+1 is a contact manifold, whose contact line bundle is O P 2n+1 (2). Any 2-homogeneous symplectic form ω on C 2n+2 defines a contact form on P 2n+1 by pushing-down 1 2 i eu ω, for eu the Euler vector field. The canonical symplectification is thus C 2n+2 \ {0} with symplectic form d( [22] ). 
Denote by
(R l is known as the Reeb field of l). This defines a C-linear splitting of the exact sequence (1.1), therefore for each i there is a canonical splitting
Then {·, ·} defines a Lie bracket on L (the Lagrange bracket), and t α and R thus become isomorphisms of sheaves of complex Lie algebras.
This is the graded algebra of "homogeneous coordinates" , since there 
Notation 1.9. For any k ∈ Z we denote by Der
which are graded of degree k and preserve the Poisson structure 1 .
Let Θ s Y
(k) be the sheaf of k-homogeneous symplectic vector fields
induced by the Lie derivative and the Hamiltonian isomorphism on Y , respectively (here the upper index cl denotes closed forms). Hence we have an isomorphism of C-modules
⊗k and by using the Cartan formula, one gets for any k = 0 an isomorphism of C-modules
In particular, for k = 1, one gets that the contact vector field R l associated to l ∈ L is obtained by pushing down the symplectic vector field H dl .
For k = 0, there is an exact sequence
Together with the exact sequence
Y − → 0, it gives rise to the exact sequence [17] for more details).
Quantization algebras
We review here the definition of a quantization algebra (called star algebras in [3] ).
Let (Y, α) be a complex contact manifold, γ : Y − → Y its canonical symplectification, and L the associated contact line bundle endowed with the Lagrange bracket {·, ·} defined by α. 
We denote by S Y ⊂ S Y the subsheaf of (holomorphic) symbols, that is, symbols which, on an open subset U ⊂ Y where they are defined, are subject to the estimates (2.1) for any compact subset K of γ −1 (U) there exists a constant
The sheaf S Y inherits the filtration from that of S Y , and one has
Remark 2.1. Since L has rank 1, the algebra F 0 S Y is nothing but the completion of the symmetric algebra of L ⊗−1 . Therefore, it is identified with the sheaf O U * | Y , the formal completion of O U * along Y , where U * denotes the total space of L and Y is identified with the zero section of U * − → Y . Whence F 0 S Y is the sheaf of holomorphic functions in the formal neighborhood of Y in U * . Recall that the Borel transform defines an isomorphism of C-modules
Via the previous identification, we get an isomorphism of C-modules
In local coordinates (y; τ ) ∈ U * and (y;
converges.
An associative filtered C-algebra
as graded sheaf and which is locally isomorphic to S Y as filtered C-modules, in such a way that the product ⋆ on S Y induced by that of A is differential and the following diagrams commute 3. Microdifferential algebras on P * M Since a local model for a contact manifold Y is an open subset of P * M for a complex manifold M, we start here by considering the quantization algebras on P * M, as in [3] . The sheaf of Sato's microdifferential operators provides the local model for such algebras.
3.1. E-algebras. Let M be an n-dimensional complex manifold and π : P * M − → M its projective cotangent bundle, endowed with the canonical contact structure given by the Liouville form. Recall from Example 4.12, that the contact line bundle is the relative Serre sheaf O P * M (1) and the canonical symplectification is the C × -principal bundle γ :Ṫ * M − → P * M. Let E M be the sheaf on P * M of microdifferential operators (see [27, 16, 19] , and also [28] for an exposition). Recall that, in a local coordinate system (x) on M with associated local coordinates (x; [ξ]) on P * M, a microdifferential operator P of order ≤ m has a total symbol
and that the product structure is given by the Leibniz formula:
for Q another microdifferential operator of total symbol σ tot (Q). With this product, E M is a filtered algebra with center the constant sheaf C P * M . Denote by F m E M the subsheaf of operators of order ≤ m and by
the symbol map of order m. If σ m (P ) is not identically zero, then one says that P has order m. In particular, P ∈ F m E M is invertible if and only if σ m (P ) is nowhere vanishing. The symbol maps induce an isomorphism of graded algebras
hence the morphism σ preserves the corresponding Poisson structures. It follows that E M is a quantization algebra on P * M. 2. An E-algebra on P * M is a C-algebra locally isomorphic to E M as C-algebras.
By Lemma 3.1, any E-algebra A comes equipped with a canonical filtration {F m A} and with an isomorphism of graded algebras
Given an E-algebra A, it follows that the associated graded isomorphism ν preserves the Poisson structures, so that A is a quantization algebra. Moreover, the converse is also true:
This allows us to identify quantization algebras with E-algebras.
Example 3.4. Let P be a locally free right E M -module of rank one.
the above E-algebra may be written as
M by the formal adjoint (see [19] ). More generally, we may replace N by any C-twisted line bundle (see [17, 8] ).
Let f : P * M − → P * N be a contact transformation. By a result of [27] (see also [16, 19] ), there exists a f −1 E N ⊗ C E M -module M f which is locally free of rank one as E M -module. Then
M -module locally free of rank one as right E M -module and
Notation 3.5. We denote by {E-algebras} P * M the set of isomorphism classes of E-algebras on P * M, pointed by the class of E M .
3.2.
Classification. By definition of E-algebra, it follows that there is an isomorphism of pointed sets
where Aut C−alg (E M ) denotes the sheaf of C-algebra automorphisms of E M and the right-hand side is defined by Cech cohomology. Let ϕ : E M − → E M be a C-algebra automorphism. By Lemma 3.1, it is filtered with Gr(ϕ) = id. Therefore the assignment
defines a C-derivation of O hom P * M graded of degree −1. It is easily seen to preserve the Poisson structure, so that it is a section of Der
Lemma 3.6 (cf. [3] ). The sequence of sheaves of groups on
Consider the associated long non-abelian exact sequence (3.4)
) classifies isomorphism classes of locally free right E M -module of rank one which are filtered with trivial graded (i.e., isomorphic to O hom P * M ) and the first map in the sequence is described by [ 
Let D M be the C-algebra of linear differential operators on M. Recall that D M is identified to a filtered subalgebra of π * E M and that
Denote by Aut T DO (D M ) the group of automorphisms of D M as a TDO-ring (see [17] , and also [8] ). Then the assignment ψ → Gr 1 (ψ−id) defines an isomorphism of groups
In particular, TDO-ring automorphisms of
, it follows that TDO-ring automorphisms of D M extend to inner automorphisms of E M . We thus get a commutative diagram
where π * denotes the pull-back via π :
Proof. By using (3.6), one gets commutative diagrams
an isomorphism (see [3]). It follows that (3.4) splits, and one then uses (3.2).
Recall from loc. cit. that
M ) classifies C-twisted line bundles. The map t in (3.7) for i = 1 is thus given by
(see Example 3.4). If dim M ≥ 2 then, up to isomorphism, any E-algebras on P * M is of the form π
for P a locally free right E M -module of rank one which is filtered with trivial graded and N a C-twisted line bundle on M.
Remark 3.8. All the results in this section hold in the formal case, that is, replacing E-algebras by E-algebras, which are obtained by dropping the growth condition (2.1).
Microdifferential algebroids on contact manifolds
In this section we will use the notion of stack (the classical reference is [13] , an introduction may be found in [8] ), that of cohomology with values in a stack of 2-groups (see for example [5] , and [26, Section 4] for a review), as well as that of filtered and graded stack, for which we refer to [26, Section 2] .
All the definitions and results in this section hold in the formal case. We denote by (·) + the functor from the stack of algebras to that of linear stacks defined as follows (see [10] Theorem 4.1 (cf. [18] ). There exists a canonical C-stack E Y which is locally equivalent to (i
Note that E Y is a C-algebroid stack, i.e. it is locally non empty and locally connected by isomorphisms (see [21, 9] ). Moreover, for any (locally defined) object L of E Y , the sheaf of endomorphisms End E Y (L) is a (locally defined) E-algebra.
The following proposition allows us to say that E Y provides a quantization of Y . Note that any (E, σ)-algebroid is locally equivalent to (i
In particular, if A is an Ealgebra, then A + is a (E, σ)-algebroid. Let us briefly recall how to describe the (E, σ)-algebroids by means of non-abelian cocycles. For any Darboux chart i :
there exists an open cover X = i∈I V i by Darboux charts such that
, and on V ijk there are invertible transformations
(Here we denote by • the horizontal composition of transformations.) Up to shrinking the open cover, one may suppose that Φ ij is isomorphic to ϕ + ij , for a C-algebra isomorphism ϕ ij :
is thus given by an invertible operator P ijk ∈ E V ijk of order m ijk satisfying
Finally, on V ijkl the diagram (4.1) corresponds to the equality
Recall form [26, Proposition 2.5] that the algebroid Gr(A) is described by the 2-cocyle {σ m ijk (P ijk )} with values in O hom Y , where σ m ijk denotes the symbol map
, up to modify the ϕ ij and the P ijk by a coboundary, we may suppose that the P ijk are of order 0 with σ 0 (P ijk ) = 1. The non-abelian cocycle
Recall that one may define the first cohomology pointed set with values in a stack of 2-groups. By definition of (E, σ)-algebroid, one easily gets an isomorphism of pointed sets
Theorem 4.5. There is an isomorphism of pointed sets )). Proof. In order to prove the Theorem, we will show that there is an equivalence of stacks of 2-groups on Y
, where the sheaf Ω 1,cl Y (0) is considered as a discrete stack. Since equivalent stacks of 2-groups have isomorphic cohomologies, the result will follow from (4.3).
First step. Let us define a functor of stacks of 2-groups
This extends to a C-derivation of degree −1 of Hom
which preserves the Poisson structure. By using (1.2), we get a section {s s s(Φ, β)} L ∈ Ω 1,cl P * M (0) which depends only on the isomorphism class of L. Since any two objects M, N of E Y are locally isomorphic, it follows that {s s s(Φ, β)} M = {s s s(Φ, β)} N locally, hence globally. This defines s s s(Φ, β), which depends only on the isomorphism class of (Φ, β).
Second step. At any point y ∈ Y , we may find a Darboux chart i :
Locally there exists an invertible operator
It follows that the functor of stacks of 2-groups
is essentially surjective, where the left-hand side denotes the stack of 2-groups associated to the crossed module E V,1
Let ψ 1 , ψ 2 be two sections of Aut E−alg (E V ) and consider a morphism α : (ψ
Then α is locally given by an invertible operator R ∈ F 0 E V satisfying
where the diagram (4.2) correspond to the equality σ 0 (R) = 1. Therefore R defines a morphism ψ 1 − → ψ 2 in E V,1 ad − → Aut E−alg (E V ) . The above functor is thus full. Since it also faithful, we get an equivalence
Third step. Through the above equivalence, the functor
induced by the morphism (3.6). By Lemma 3.6 and [26, Proposition 4.4] it follows that this is an equivalence of stacks of 2-groups. The functor s s s is thus locally, hence globally, an equivalence. Corollary 4.6. Suppose that Y is exact. Then
Proof. If Y is exact, then the associated contact line bundle L is trivial and the Atiyah class a(L) vanishes. Hence (1.4) splits and then one uses the Theorem 4.5. The second part of the statement follows by taking the long exact sequence associated to (1.3).
Proof. This follows from the fact that the morphism 
If g = 1, then the (E, σ)-algebroids are classified by
(here the first isomorphism is obtained from (1.4) ). In particular, up to isomorphism, E + Y is the unique (E, σ)-algebroid on P 1 (cf. Example 4.12).
Remark 4.8. Using similar techniques, one may show that Theorems 4.1 and 4.5 hold also in the framework of C ∞ manifolds, hence replacing E-algebras with Toeplitz algebras (see [4] ). However, in that case any quantization algebroid comes from a unique, up to isomorphism, Toeplitz algebra (cf. [11] ). It follows that in the C ∞ case there is a one-to-one correspondence between quantization algebras and quantization algebroids. Note also that in the C ∞ case the classification of these objects is always given by H 2 (Y ; C) × H 1 (Y ; C), since the exact sequence (1.4) splits and 
The coboundary map δ sends 
Proof. Recall that the Chern map c 1 : 
where the last isomorphism follows from the fact that every global holomorphic form on Y is closed. For Fano manifolds the previous classification becomes very simple. Recall that a Fano manifold is a compact complex manifold such that the dual of the canonical line bundle is ample. 
Being projective, Fano manifolds are Kähler. By Proposition 4.10, one gets an isomorphism
Then (ii) follows. If b 2 (Y ) ≥ 2, then Y is contact isomorphic to P * P for some complex projective space P (see [23, Theorem 4.14 (cf. [20, 12] ). If Y is projective with b 2 (Y ) ≥ 2, then it is contact isomorphic to P * M for some projective manifold M.
In fact, according to [14] , the same result holds replacing "projective" with "compact Kähler threefold".
E-algebras vs. (E, σ)-algebroids
Let (Y, α) be a complex contact manifold of dimension 2n + 1, with associated contact line bundle L.
Recall that the functor (·) + from algebras to linear stacks defines a map
where the left-hand term is the (possibly empty) set of isomorphism classes of E-algebras on Y . Let A be a (E, σ)-algebroid. Given a global object L ∈ A(Y ), the sheaf End A (L) of its endomorphisms is an E-algebra, and the fully faithful functor End A (L) + − → A is an equivalence of (E, σ)-algebroids. It follows that (5.1) is surjective if and only if any (E, σ)-algebroid has a global object. In this situation, we may make the set {E-algebras} Y pointed by the class of an E-algebra A satisfying A + ≈ E Y . Note that, by [25, Corollary 3 .4], we may always choose A endowed with an anti-involution.
Proof. By (3.2) and by the definition of the functor s s s in the proof of Theorem 4.5, the morphism (5.1) identifies with the morphism (3.6) . The result then follows by the commutative diagram (3.7) for i = 1, since the diagonal arrow is an isomorphism.
Combining the above result with Theorem 4.14, we get Even when they exists, the classification of E-algebras in general differs from that of (E, σ)-algebroids. In the formal case (i.e. dropping the growth condition (2.1)), the following criterion 6 gives conditions for the existence of E-algebras (i.e. formal E-algebras) and to ensure that their classification coincides with that of ( E, σ)-algebroids (i.e. formal (E, σ)-algebroids).
there is an isomorphism of pointed sets [24, 21, 30, 15, 7] for similar hypothesis in the framework of complex/algebraic symplectic/Poisson manifolds.
proof of the Theorem. First, let Y = P * M and note that there is a well defined surjective morphism of groups
If moreover σ ′ −1 (P ) = 0, one may define σ ′ −2 (P ) and so on. Let A be a ( E, σ)-algebroid on Y . Recall that it is described by a non-abelian cocyle ({ E V i }, {ϕ ij }, {P ijk }), where U = {V i } i∈I is an open cover of Y by Darboux charts, ϕ ij : E V j − → E V i are isomorphisms of Calgebras on V ij and P ijk ∈ Γ (U ijk ; E V i (0)) are invertible operators with σ 0 (P ijk ) = 1, satisfying
Hence we get a 2-cocycle {σ
By hypothesis H 2 (Y ; L ⊗−1 ) = 0, hence, up to shrink the cover, there are invertible operators Q ij ∈ Γ (U ij ; E V i (0)) with σ 0 (Q ij ) = 1 satisfying 6 Conjecturally, this criterion works also in the holomorphic case.
This gives a non-abelian cocyle ({ E V i }, {ϕ Thanks to (the formal analogue of) Corollary 4.7, one recovers that the E-algebras on P * M are classified by H 1 (M; Ω 1,cl M ) if dim M ≥ 3 (cf. [3] , where this is proved by showing that H 1 (P * M; E M,1 ) = 0). By using Theorem 4.14, one gets The "exotic" phenomena, i.e. the existence of non isomorphic Ealgebras giving rise to equivalent ( E, σ)-algebroids, appear if dim Y ≤ 3. Precisely, for Y ≃ P * M with M a compact Kähler surface different from P 2 (in which case Y would be Fano), and for curves. Some computations for these cases may be found in [3] . Let us briefly consider the case of curves Since it splits, it follows that the E-algebras are classified by C 2g+1 . Let g = 0. Then Y ≃ P 1 . Since H i (P 1 ; Ω P 1 (0)) = 0 for i = 0, 1, by the exact sequence (3.4) it follows that the E-algebras are classified by H 1 (P 1 ; E P 1 ,1 ). This is far to be trivial, since H 1 (P 1 ; Θ k P 1 ) ≃ H 1 (P 1 ; O P 1 (2k)) is never vanishing for k ≤ −1.
If Y is compact Kähler of dim Y ≥ 5 with b 2 (Y ) ≥ 2, it is conjectured that Y is contact isomorphic to P * M for a compact Kähler manifold M. One knows that L ⊗−1 is not pseudo-effective (see [12] ). This leads us to consider the following This would imply that any ( E, σ)-algebroid A on such Y has a global object, and that
